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Ovidiu Daescu ∗ Hemant Malik†
Abstract
Drones and other small unmanned aerial vehicles are
starting to get permission to fly within city limits.
While video cameras are easily available in most cities,
their purpose is to guard the streets at ground level.
Guarding the aerial space of a city with video cameras
is a problem that so far has been largely ignored.
In this paper, we present bounds on the number of
cameras needed to guard a city’s aerial space (roofs,
walls, and ground) using cameras with 180◦ range of vi-
sion (the region in front of the guard), which is common
for most commercial cameras. We assume all buildings
are vertical and have a rectangular base. Each camera
is placed at a top corner of a building.
We considered the following two versions: (i) build-
ings have an axis-aligned ground base and, (ii) build-
ings have an arbitrary orientation. We give necessary
and sufficient results for (i), necessary results for (ii),
and conjecture sufficiency results for (ii). Specifically,
for (i) we prove a sufficiency bound of 2k + ⌊k4 ⌋+ 4 on
the number of vertex guards, while for (ii) we show that
3k + 1 vertex guards are sometimes necessary, where k
is total number of buildings in the city.
1 Introduction
Drones and other small unmanned aerial vehicles
(UAVs) are already allowed to experimentally fly within
city limits. For example, in August 2019, Uber an-
nounced it has selected the city of Dallas to experi-
ment with flying drones and small UAVs, within the
city. Monitoring the aerial space of big cities is thus be-
coming a critical problem that yet has to be addressed.
Video cameras are easily available in most cities, but
their purpose is to guard the streets at ground level.
Guarding the aerial space of a city with cameras is a
problem that has been largely ignored.
City guarding is related to the famous art gallery
problem [29] and its many variations [41] studied in
the past few decades. In almost all these studies, the
art gallery lies in the plane (2D), assuming a polygonal
shape with or without holes. In the art gallery problem,
the goal is to determine the minimum number of point
guards sufficient to see every point of the interior of a
simple polygon. A point q is visible to guard g if the
line segment joining q and g lies completely within the
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polygon. When the guards are restricted to vertices of
the polygon only, they are referred to as vertex guards.
In the orthogonal art gallery problem, all edges of the
polygon are either horizontal or vertical. In some ver-
sions of the art gallery problem, the polygon is allowed
to have h holes. When guarding such polygons, it is al-
lowed to place the guards at the vertices of the enclosing
polygon and the vertices of the holes.
For guarding an orthogonal polyhedron point guards
are less effective. There exist examples of polyhedra
with n vertices where guards placed at every vertex do
not cover the whole interior of the polyhedra; instead
O(n3/2) non-vertex guards are required [34].
The problem is also related to the following prob-
lem [8]: Given k pairwise disjoint isothetic rectangles in
a plane, place vertex guards on rectangles such that ev-
ery point in free space (plane area excluding the interior
of the quadrilaterals) is visible to at least one guard.
The city guarding problem was introduced in [4], and
is a 2.5D variant of the 2D orthogonal art gallery with
holes. The input consists of k buildings, within an area
bounded by an axis-parallel rectangle (this can be re-
laxed to the whole plane, assuming cameras have unlim-
ited distance visibility), with each building being verti-
cal and having an axis parallel rectangular base (a ver-
tical rectangular prism), and the goal is to place the
minimum number of guards that can see in any direc-
tion (referred as 360◦ field of vision), at the top corners
(vertices) of some buildings, to guard the aerial space of
the city. The height of a building is a strictly positive
real number. In [4], they consider three variations of city
guarding: (i) Roof Guarding: determine the minimum
number of vertex guards required to guard the roofs (ii)
Ground and Wall Guarding: determine the minimum
number of vertex guards necessary to guard the ground
and the walls, and (iii) City Guarding: determine the
minimum number of vertex guards required to guard
the (aerial space of the) city, which means the roofs,
walls, and the ground. As with the 2D art gallery prob-
lem ( [2]), the 2.5D city guarding problems are NP-hard
and, by a simple reduction, so are the corresponding
versions studied in this paper.
We consider the three variations of the city guarding
problem with a restriction on the visibility range of the
guards. Specifically, a guard is only able to see the re-
gion in front of it, i.e., the range of vision of a guard is
bounded by 180◦, instead of the 360◦ in [4]. This corre-
sponds to the capabilities of most commercial cameras.
In all our proofs each guard is placed at the top corner
of a building and is oriented such that the seen and
unseen regions of the guard are separated by a vertical
plane parallel with one of the sides of the building where
the camera is placed. Thus, when building bases are
isothetic (axis-aligned) rectangles, a camera will face in
one of four directions: East, West, North, or South (E,
W, N, S). From now on, we assume cameras are placed
as stated here, unless otherwise specified, and may omit
mentioning camera orientation throughout the paper.
The two versions we consider are: (A) Buildings have
an axis-aligned rectangular base (isothetic rectangles),
(B) Buildings have a (arbitrary oriented) rectangular
base. To solve the two versions, we address the following
variations of the art-gallery problem:
(V1) Given an axis-aligned rectangle P with k disjoint
axis-aligned rectangular holes, place vertex guards on
hole boundaries such that every point inside P is visible
to at least one guard, where the range of vision of a
guard is 180◦.
(V2) Given an axis-aligned rectangle P with k dis-
joint (arbitrary oriented) rectangular holes, place vertex
guards on hole boundaries such that every point inside
P is visible to at least one guard, where the range of
vision of a guard is 180◦.
For the first problem (V1), we prove a sufficiency
bound of 2k + ⌊k4 ⌋+ 4 on the number of vertex guards.
To obtain this bound, we provide a novel, divide and
conquer algorithm. For the second problem (V2), we
show that 3k+1 vertex guards are sometimes necessary
and conjecture that the bound is tight.
A comparison of our sufficiency and necessity results
with those in [4] is shown in Table 1. Our solutions
set an essential foundation for monitoring drones flying
within city limits, using video cameras.
[4] Guard vision
range: 360◦ (axis-
aligned rectangle
buildings)
Guard vision range:
180◦ (axis-aligned
rectangle buildings)
Guard vision range:
180◦ (non-axis-
aligned rectangle
buildings)
Roof Guarding
⌊ 2(k−1)3 ⌋+ 1
k k
Ground and Wall
Guarding k + ⌊
k
4 ⌋+ 1 2k + ⌊
k
4 ⌋+ 4
3k + 1
City Guarding
k + ⌊k2 ⌋+ 1 2k + ⌊
k
4 ⌋+ 4
3k + 1
Table 1: Sufficient and necessary results comparisons.
A tight bound is shown in blue color, a sufficiency bound
in red color and a necessary bound in green color.
Related Work. Guarding polygons, with or without
holes, has a long history in computational geometry.
For guarding an orthogonal polygon with n vertices,
Kahn et al. [28] showed that ⌊n4 ⌋ vertex guards are occa-
sionally necessary and always sufficient. O’Rourke [32]
showed that 1 + ⌊ r2⌋ vertex guards are necessary and
sufficient to guard the interior of an orthogonal polygon
with r reflex vertices. Later, Castro and Urrutia [18]
provided a tight bound of ⌊ 3(n−1)8 ⌋ on the number of
orthogonal guards placed on the vertices, sufficient to
cover an orthogonal polygon with n vertices.
O’Rourke [33] proved that any orthogonal polygon
with n vertices and h (orthogonal) holes can always
be guarded with ⌊n+2h4 ⌋ vertex guards. Hoffmann [24]
proved that ⌊n3 ⌋ vertex guards are always sufficient to
guard an orthogonal polygon with n vertices and arbi-
trary number of holes. Later in 1998, Abello et al. [1]
provided a tight bound of ⌊ 3n+4(h−1))8 ⌋ for the number
of guards placed at the vertices of an orthogonal poly-
gon with n vertices and h holes.
In 1994, Blanco et al. [8] considered the problem of
guarding the region of the plane excluding the interior
of n quadrilateral holes (obstacles). Given n pairwise
disjoint quadrilaterals in the plane whose convex hull
has no cut-off quadrilaterals, they showed that 2n vertex
guards are always sufficient to cover the free space and
all guard locations can be found on O(n2) time. If the
quadrilaterals are isothetic rectangles, the guards can
be placed in O(n) time. These results directly apply to
problems (V1) and (V2) we address in this paper, and
they immediately imply that 4n guards with 180◦ vision
always suffice, and those guards can be found in O(n)
and O(n2) time, respectively.
In 2008, Bao et al. [4] proposed the city guarding
problem where one is given a city with k vertical build-
ings, each having an axis-aligned rectangular base. The
guards are to be placed only at the top vertices of
the buildings. They showed that ⌊ 2(k−1)3 ⌋ + 1 vertex
guards are sometimes necessary and always sufficient to
guard the roofs (Roof Guarding Problem). They further
proved that k + ⌊k4⌋+ 1 vertex guards are always suffi-
cient to guard the ground and the walls, and k+⌊k2⌋+1
vertex guards are always sufficient to guard the aerial
space, which includes all roofs and walls of the buildings,
and the ground. Their results directly apply to problem
(V1) and imply that 2k + 2⌊k4⌋ + 2 vertex guards with
180◦ vision are always sufficient to guard the walls and
ground, and 2k+2⌊k2 ⌋+2 are needed to guard the city.
It follows from Table 1 that our results are a sig-
nificant improvement over those that can be inferred
from [8, 4]. Due to space constraints, we refer the reader
to Appendix A for detailed related work.
We start with the following theorem, that allows us
to limit our attention to guarding the roofs and walls of
the buildings, and the ground.
Theorem 1 If guards are placed so that the roofs,
walls, and the ground of the city are guarded, then every
point in the aerial space of the city is guarded.
Proof. Let p be a point in the aerial space of the city
and assume p is not guarded. Let p′ be the vertical
projection of p onto the ground (or a building roof)
and let g be a guard that sees p′ (such g exists since
the ground of the city is guarded). Then g, p and p′
B1
B2
B3
B4
Bk
Figure 1: City Setup
define a vertical plane pi. Consider the vertical triangle
defined by g, p, and p′. If any portion of a building
intersects the triangle side gp at some point q then the
line segment qq′ is part of that building, where q′ is
the vertical projection of q onto the ground. Since the
line segment qq′ intersects the triangle side gp′ it then
follows that p′ is not visible from g, a contradiction. 
A similar result holds if we aim for walls and ground
guarding only (no roof guarding requirement), including
the space between the buildings.
2 Axis-Aligned Rectangle-Base Buildings
Given a rectangular city with k disjoint vertical build-
ings, each having an axis-aligned rectangular base, the
goal is to place the minimum number of cameras that
can see only the half-space in front of them (denoted
as 180◦ range of vision), at the top corners (vertices) of
the buildings to guard the city (roofs, walls, ground, and
aerial space). Thus, when a guard (camera) is aligned
with a wall of the building it is placed on the half-space
seen by the guard is bounded by a vertical plane con-
taining that wall.
2.1 Roof Guarding
Theorem 2 Given a city with k disjoint axis-aligned
rectangular buildings, k vertex guards are always suffi-
cient and sometimes necessary to guard the roofs.
Proof. The sufficiency bound is trivial (place one guard
on each roof). For the necessary part, consider a set
S = {B1, B2, B3, . . . , Bk} of k buildings, as shown in
Figure 1, with the following setup: (i) the height hBi of
building Bi is greater than the height hBj of building
Bj , ∀ i, j such that 1 ≤ i < j ≤ k, and (ii) ∀ i < j − 1,
building Bj−1 totally blocks the visibility between Bi
and Bj . In such situation, we need one guard to cover
the roof of each building (details in Appendix B). 
2.2 Ground and Wall Guarding
Vertically projecting the city on the ground results in
a rectangle polygon with k rectangular holes. As men-
tioned earlier, the number of guards required to guard
the walls and ground is no larger than the number of
guards needed for the following problem:
SubProblem 1 (V1) Given an axis-aligned rectangle
P with k disjoint axis-aligned rectangular holes, place
vertex guards on hole boundaries such that every point
inside P is visible to at least one guard, where the range
of vision of guards is 180◦.
On the other hand, it is easy to see that a lower bound
on the number of guards for Subproblem 1 can be used
to obtain a lower bound for guarding the walls and the
ground of a city with k rectangular buildings: map the
holes to buildings of the same height.
It is worth noticing though that the two problems are
not equivalent, that is, for a given input, fewer guards
might be needed to guard the walls and ground than the
number needed to guard the holes defined by projecting
the buildings to the ground.
Observe that 2k + ⌊k2 ⌋ + 2 vertex guards, placed on
holes, can be obtained from [4] by replacing a 360◦ guard
with two 180◦ guards. In what follows, we show how to
improve this bound. For each hole, extend the right ver-
tical edge in the upward (North) direction through the
interior of the polygon until it encounters some horizon-
tal edge of a hole or the outer rectangle. After extending
the vertical edges, extend both horizontal edges of each
hole in the left (West) direction through the interior of
the polygon until it encounters some vertical edge or
extended vertical edge of a hole or the outer rectangle.
The steps above divide the polygon into 2k+1 shapes.
Each shape corresponds to a monotone staircase (both
in x and y-direction). Only one guard is required to
guard each staircase, placed at the South-East corner
of the staircase, facing West. Out of 2k + 1 guards, 2k
guards are placed on the vertices of the holes while one
guard is placed on a vertex of the rectangle P . Refer to
Figure 2 for visual details.
Theorem 3 2k+1 guards are always sufficient to guard
the walls and ground of a rectangular city with k dis-
joint axis-aligned rectangular buildings, with at most
one guard placed at a corner of the bounding rectangle.
If however, we do not allow a guard to be placed at a
corner of the enclosing rectangle P , then the number of
guards needed could increase significantly. In the rest of
this section, we prove an upper bound on the number of
vertex guards, placed only on vertices of the holes (the
setup in [8, 4]).
Let S be the set of k buildings in the city, contained
in the axis-aligned rectangle P defined by the points
Figure 2: Extension of the right vertical edge and hor-
izontal edges of each hole. 2k + 1 guards are always
sufficient to guard the walls and ground.
(a) Rising Staircase. (b) Reverse Rising Staircase.
(c) Reverse Falling Staircase (d) Falling Staircase
Figure 3: Type of staircases and placement of guards.
[0, 0;x, y]. Let xMs , x
M
f be the starting and finishing
boundry sequence along x-axis and yMs , y
M
f be the start-
ing and finishing boundry sequence along y-axis. We
define four types of staircases (see Figure 3): (i) Rising
staircase (RS): xMs = 0, y
M
f = y, x
M
f is non decreas-
ing along the positive y-axis, and yMs is non decreas-
ing along the positive x-axis (ii) Falling staircase (FS):
xMf = x, y
M
f = y, x
M
s is non increasing along the pos-
itive y-axis, and yMs is non increasing along the posi-
tive x-axis (iii) Reverse rising staircase (RRS): xMf = x,
yMs = 0, x
M
s is non decreasing along the positive y-axis,
and yMf is non decreasing along the positive x-axis (iv)
Reverse falling staircase (RFS): xMs = 0, y
M
s = 0, x
M
f is
non increasing along the positive y-axis, and yMf is non
increasing along the positive x-axis
A rising staircase is constructed as follows: extend the
horizontal edges of each hole towards the right (East)
direction, then extend the vertical edges towards the
South direction. The closed orthogonal polygon formed
by the top edge and the left edge of P , and the extended
edges of the holes, corresponds to a rising staircase.
Falling, reverse rising, and reverse falling staircases are
constructed similarly. Note that for each staircase a re-
flex vertex corresponds to a vertex of a hole. Thus, the
number of buildings involved in a staircase is equal to
the number of reflex vertices on the staircase.
We find the staircase comprising the minimum num-
ber of buildings. WLOG assume the staircase involving
the minimum number of buildings is RRS (otherwise,
we can rotate the input so that the staircase corresponds
to RRS). For this staircase, place a guard on each re-
flex vertex, facing right (East), and an additional guard
on the first (bottom) stair, with the guard facing down
(South), as shown in Figure 3. The number of guards
required to cover the staircase is one more than the num-
ber of steps (stairs) in it. In the worst case, each of the
four staircases must have the same number of stairs,
otherwise we can use one with the smallest number as
RRS.
In what follows, we provide a divide and conquer ap-
proach to find an upper bound on the number of guards.
For some building B, the vertical span of B is the paral-
lel strip defined by the vertical sides of B and containing
Bi
Bj
BL
BB
BR
BT
Figure 4: Staircases RS (dash dot / red), FS (dash dot
/ orange), RRS (dotted / blue) and RFS (dashed /
green). Buildings above Bi lie in its vertical span and
buildings right of Bj lie in its horizontal span.
B. The horizontal span is defined accordingly. Let BL
be the leftmost building, BT be the topmost building,
BR be the rightmost building, and BB be the bottom-
most building of the city. A building Bi is called an
internal building if Bi 6∈ {BL, BT , BR, BB}. The pair
of staircases (i) RS,FS (ii) FS,RRS (iii) RRS,RFS
and (iv) RFS,RS are called adjacent staircases while
the pairs (v) RS,RRS, and (vi) FS,RFS are called
opposite staircases.
Assume two adjacent staircases, say RS and FS,
share the same building Bi 6∈ {BL, BT , BR, BB}. Then,
all buildings that lie in the upper half-plane defined
by the line supporting the upper horizontal edge of Bi
(buildings above Bi) are in the vertical span of Bi (see
Figure 4). Similarly, if staircases RRS and FS include
the walls of the same building Bj 6∈ {BL, BT , BR, BB},
then all buildings that lie on the right of Bj are in the
horizontal span of Bj .
Notice it is possible that, from the set of building
pairs (BL, BT ), (BT , BR), (BR, BB), and (BB, BL), the
pair in one of the sets corresponds to the same building.
In this situation (call it Case 0), one of the staircases
consists of only one stair, and two guards are required
to guard the staircase. Using a placement of guards like
in Theorem 3, 2k + 2 guards are required to cover the
walls and ground of such a rectangular city. Thus, from
now on, we assume this is not the case.
Consider the four staircases RS,FS,RFS, and RRS.
We can have four cases:
Case 1: No adjacent pair of staircases share the same
internal building, and no opposite pair of staircases
share the same building.
WLOG assume that RRS contains the minimum
number of stairs; place the guards in a similar fash-
ion as in Theorem 3. Overall, we place two guards on
each building and the rest on the reflex vertices of the
staircase RRS.
The upper bound on the number of vertex guards
required to cover the staircase of P is achieved when
the number of buildings involved in the construction of
each staircase is the same. Let the staircases RS and
RRS contain δ distinct buildings. Staircase FS contains
δ − 2 distinct buildings because building BT is already
counted in staircase RS and building BR is counted in
staircase RRS. Similarly, RFS contains δ − 2 distinct
buildings. Note that δ + δ + δ − 2 + δ − 2 = k and
thus δ = ⌊k4 ⌋ + 1. Therefore, to guard each staircase,
we require δ + 1 = ⌊k4 ⌋+ 1 + 1 = ⌊
k
4 ⌋+ 2 guards.
We place 2 guards on each building and ⌊k4 ⌋+2 guards
to cover the staircase. Therefore, 2k + ⌊k4⌋ + 2 guards
are required to cover the walls and ground.
Case 2: At least one pair of opposite staircases shares
the same building, and no adjacent staircases share the
same interior building.
Let the staircases RS and RRS share a building Bi.
Refer to Figure 5 and note that extending the top edge
of Bi to the left until it hits P will not result in an in-
tersection with the other buildings. Similarly, extending
the bottom edge of Bi to the right until it hits P will
not result in an intersection with the other buildings.
We divide the city into two sub-cities, city1 and city2
(green and orange boundaries in Figure 5), by extend-
ing the top edge of Bi towards left and the bottom edge
towards the right. Let Bi be included in both sub-cities.
All buildings in city1 lie either above or towards the
right of Bi. We place two guards on each building, one
at the North-West corner and one at the South-East cor-
ner, both facing East. We further place a third guard on
the North-West corner of Bi, facing West. All buildings
in city2 lie either below or towards the left of Bi. We
place two guards on each building, one at the South-
East corner and one at the North-West corner, both
facing West. We further place an additional guard on
the South-East corner of Bi facing East. In total, we
have placed six guards on Bi. However, two guards are
duplicates, so we only have four guards on Bi. Thus,
2k+2 guards are required to cover the walls and ground
of the city.
Bi Bi
city1
city2
Figure 5: Building Bi is shared by staircases RS and
RRS. Staircase RS is shown in dash dot / red color
and staircase RRS is shown in dotted / blue color.
Case 3: At least one pair of adjacent staircases shares
the same interior building, and no pair of opposite stair-
cases shares the same building.
We use the following recursive approach to compute
Bj Bj
city1j
city2j
(a) No buildings within the horizontal
span of Bj
Bj Bj
city1j
city2j
(b) There exist buildings within the hori-
zontal span of Bj
Figure 6: Building Bj shares its walls with RS and FS.
Divide city into two sub-cities, city1j and city
2
j .
an upper bound on the number of guards. Let Bi be
a building shared by two adjacent staircases, say RS
and FS, as shown in Figure 6. Let αi be the number
of buildings that lie above Bi and βi be the number of
buildings (excluding Bi), that lie in the lower half-plane
defined by the line supporting the upper horizontal edge
of Bi. Note that αi + βi + 1 = k. Let C be the set
containing all such buildings Bi (walls included in more
than one staircase). Let Bj ∈ C be the building that
minimizes the value |αj − βj |, such that αj , βj ≥ 3.
If such building does not exist then each building Bj
in set C has αj ≤ 3 or βj ≤ 3. We can use a similar
argument as the one discussed in Case 2. Recall that
in the worst case all staircases should have an equal
number of buildings/stairs. It is easy to notice that
there exist at most three buildings shared by a staircase
pair (i) RS,FS (ii) FS,RRS (iii) RRS,RFS, or (iv)
RFS,RS, as αi < 3 or βi < 3. Let each of RS,RRS
contain δ distinct buildings. Staircases FS,RFS con-
tain δ − 6 distinct buildings, as three buildings are in-
cluded in each of RS and RRS. There are k buildings,
2×δ+2×(δ−6) = k, thus 4×δ−12 = k, and δ = ⌊k4⌋+3.
To guard the staircase we need at most ⌊k4 ⌋+4 guards,
resulting in 2k + ⌊k4 ⌋+ 4 guards overall.
If there exists a building Bj such that αj , βj ≥ 3,
we proceed as follows. Let the staircases RS and FS
share building Bj. There can be two cases: (i) there
are no buildings within the horizontal span of Bj (refer
to Figure 6a) and (ii) there exist buildings within the
horizontal span of Bj (refer to Figure 6b).
Consider the first case where none of the buildings lie
within the horizontal span of Bj . We divide the city into
two sub-cities, city1j with αj buildings and city
2
j with βj
buildings. All the buildings in one of the sub-cities lie
inside the vertical span of Bj . Let this sub-city be city
1
j .
We add Bj to city
1
j , which results in a total of (αj + 1)
buildings in city1j , and follow Case 0, which results in
a total of 2(αi + 1) + 1 guards to guard the walls and
ground of this sub-city, as shown in Figure 6a. For city2j ,
we consider the Case it falls in and place the guards
accordingly. For the placement of guards, we treat the
two sub-cities as independent cities. It is important to
notice that only one of city1j and city
2
j above can be in
Case 3, while the other one is in Case 0. Thus, only one
of the two cities could need further divisions.
Assume Case 3 keeps occurring, and we need to di-
vide the citym times. During each division, the sub-city
with corresponding building Bj contains greater than
or equal to four buildings and one additional guard is
required to guard such sub-city. Let the first division
divide the city into two sub-cities with k1, k− k1 build-
ings each. The second division splits the sub-city with
k−k1 buildings into k2, k−k1−k2 buildings and so on,
down to sub-cities with km, k−
∑m
i=1 ki buildings. Each
resulting sub-city does not need to be divided further.
Let k′ =
∑m
i=1 ki. For each sub-city with k1, k2, . . . km
buildings, we require 2ki + 1 guards, where ki ≥ 4, and
for the last sub city we need at most 4 + ⌊(k − k′)/4⌋
additional guards. Thus, the total number of guards
required to guard the city is:
2k1+1+2k2+1+ · · ·+2km+1+2(k−k
′)+4+⌊k−k
′
4 ⌋ =
2k+m+4+⌊k−k
′
4 ⌋ ≤ 2k+4+k
′/4+⌊k−k
′
4 ⌋ ≤ 2k+⌊
k
4 ⌋+4
Consider the second case where buildings lie within
the horizontal span of Bj . We divide the city into two
sub-cities, city1j with αj buildings and city
2
j with βj
buildings, such that all buildings in one of the sub-cities
lie inside the vertical span of Bj . Let this sub-city be
city1j . We add Bj to city
2
j , which results in a total
of (βj + 1) buildings in city
2
j . For the placement of
guards, city1j is in Case 0, and we place two guards
on each building of city1j , and one guard on building Bj
facing towards city1j , which results in a total of 2(αi)+1
guards to cover the walls and ground of city1j , as shown
in Figure 6b. For city2j , we consider the case it falls in
and places the guards accordingly. For the placement
of guards, we treat the two sub-cities as independent
cities. Using a similar explanation as in the first case,
we obtain the upper bound of 2k + ⌊k4 ⌋+ 4.
Case 4: At least one pair of opposite staircases and one
pair of adjacent staircases share the same building.
We place guards according to Case 2 and conclude
that 2k + 2 guards are sufficient to cover the walls and
ground of the city.
The derived upper bound obviously holds when the
guards can have arbitrary orientation and we have:
Theorem 4 2k + ⌊k4 ⌋ + 4 guards are always sufficient
to guard the walls and ground of a rectangular city with
k disjoint axis-aligned rectangular buildings, with all
guards placed on vertices of the buildings.
We also obtain the following Theorem, restricting the
visibility of guards in [8] to 180◦:
Theorem 5 Given k pairwise disjoint isothetic rectan-
gles in the plane, 2k+ ⌊k4 ⌋+4 vertex guards are always
sufficient to guard the free space.
2.3 City Guarding
Theorem 6 Given a city with k disjoint axis-aligned
buildings within an axis-aligned rectangle P , the num-
ber of axis-aligned cameras with 180◦ range of vision
needed to guard the city (roofs, walls, and ground) is
upper bounded by (i) 2k + ⌊k4 ⌋ + 4 when cameras are
placed on buildings only, and (ii) 2k + 1 when at most
one camera can be placed at a corner of P .
Proof. The solution described earlier in Section 2.2 es-
tablished either 2k + ⌊k4 ⌋ + 4 guards in case (i) and or
2k + 1 guards in case (ii) to cover the ground and the
walls of the city. In both (i) and (ii), on each build-
ing, we place at least two guards, on diagonal corners,
facing in the same direction. Thus, one of these two
guards also guards the roof of the building. Therefore,
2k + ⌊k4 ⌋ + 4 guards are always sufficient to guard the
city in case (i) and 2k + 1 in case (ii). 
3 Arbitrary Oriented Rectangle Buildings
Given a rectangular city with k vertical buildings, each
having a rectangular base, the goal is to place cameras
with 180◦ range of vision, at the top corners (vertices) of
the buildings, to guard the city. In all our proofs, each
guard is aligned with a wall of the building it is placed
on, similar to the axis-aligned version. The same city
structure in Theorem 2 leads to:
Theorem 7 Given a city with k disjoint rectangular
buildings, k vertex guards are always sufficient and
sometimes necessary to guard the roofs.
As before, the problem of guarding the ground and
the walls reduces to:
SubProblem 2 (V2) Given an axis-aligned rectangle
P with k disjoint rectangular holes, place vertex guards
on hole boundaries such that every point in P is visible
to at least one guard, where the range of vision of guards
is 180◦.
Theorem 8 3k + 1 vertex guards are sometimes nec-
essary to guard a rectangular polygon P with k disjoint
rectangular holes, where guards are placed only at ver-
tices of the holes.
For guarding the city we have:
Theorem 9 3k+1 vertex guards are sometimes neces-
sary to guard a city with k vertical buildings with rect-
angular base, where guards are placed only at the top
vertices of the buildings.
Proofs of Theorem 8 and Theorem 9 are given in Ap-
pendix C. We conjecture the bounds are tight.
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A Related Work
A.1 Simple Polygons Results
Given a simple polygon P in the plane, with n ver-
tices, Chvatal [12] proved that ⌊n/3⌋ vertex guards are
always sufficient and sometimes necessary to guard P .
Chvatal’s proof was later simplified by Fisk [21] using
the existence of a three-coloring of a triangulated poly-
gon.
When the view of the guard is limited to 180◦,
Toth [38] showed that ⌊n3 ⌋ point guards are always suf-
ficient to cover the interior of P (thus, moving from
360 to 180 range of vision keeps the same sufficiency
number). F. Santos conjecture that ⌊ 3n−35 ⌋pi vertex
guards are always sufficient and occasionally necessary
to cover any polygon with n vertices. Later in 2002,
Toth [37] provided a lower bound on the number of
point guards when the range of vision α is less than
180◦. When α < 180◦, there exist a polygon P that
cannot be guarded by 2n3 − 3 guards. For α < 90
◦
there exist P that cannot be guarded by 3n4 − 1 guards,
and for α < 60◦ there exist P where the number of
guards needed to cover P is at least ⌊ 60α ⌋
(n−1)
2 . In
2016, Bonnet and Miltzow [9] provided an O(log OPT )
-approximation algorithm for the placement of points
guards that entirely cover P .
A.2 Orthogonal Polygons Results
In 1983, Kahn et al. [28] showed that if every pair of
adjacent sides of the polygon form a right angle, then
⌊n4 ⌋ vertex guards are occasionally necessary and always
sufficient to guard a polygon with n vertices.
In 1983, O’Rourke [32] showed that 1 + ⌊ r2⌋ vertex
guards are necessary and sufficient to cover the interior
of an orthogonal polygon with r reflex vertices. Castro
and Urrutia [18] provided a tight bound of ⌊ 3(n−1)8 ⌋ on
the number of orthogonal guards placed on the vertices,
sufficient to cover an orthogonal polygon with n vertices.
A.3 Polygon with Holes Results
For a polygon P with n vertices and h holes, the value n
is the sum of the number of vertices of P and the number
of vertices of the holes. Let g(n, h) be the minimum
number of point guards and gv(n, h) be the minimum
number of vertex guards necessary to cover any polygon
with n vertices and h holes.
O’Rourke [33] gave a first proof on guarding polygons
with holes and showed that gv(n, h) ≤ ⌊n+2h3 ⌋. Shermer
conjectured that gv(n, h) ≤ ⌊n+h3 ⌋ and this is a tight
bound. He was able to prove that, for h = 1, gv(n, 1) =
⌊n+13 ⌋. However, for h > 1 the conjecture remains open.
Shermer’s result can be found in [34, 35].
Sachs and Souvaine [7] and Hoffmann et al. [23]
showed that no art gallery problem with n vertices and
h holes requires more than ⌊n+h3 ⌋ point guards and pro-
vided an O(n2) algorithm to find such placement, which
is based on triangulation and 3-coloring.
A.4 Orthogonal Polygon with Holes Results
For this version, all polygons and holes are orthogo-
nal and axis-aligned. Let orth(n, h) be the minimum
number of point guards and orthv(n, h) be the mini-
mum number of vertex guards necessary to guard any
orthogonal polygon with n vertices and h holes. Note
that orth(n, h) ≤ orthv(n, h).
O’Rourke’s method extends to show that:
orthv(n, h) ≤ ⌊n+2h4 ⌋. Shermer [34] conjectured
that orthv(n, h) ≤ ⌊n+h4 ⌋ which Aggarwal [3] estab-
lished for h = 1 and h = 2. Zylinski [44] showed that
⌊n+h4 ⌋ vertex guards are always sufficient to guard
any orthogonal polygon with n vertices and h holes,
provided that there exists a quadrilateralization whose
dual graph is a cactus.
O’Rourke also conjectured that orth(n, h) is indepen-
dent of h: orth(n, h) = ⌊n4 ⌋, which was verified by Hoff-
mann [22]. In 1990, Hoffmann [22] showed that ⌊n4 ⌋
point guards are always sufficient and sometimes nec-
essary to guard an orthogonal polygon with n vertices
and an arbitrary number of holes. In 1996, Hoffmann
and Kriegel [24] showed that ≤ ⌊n3 ⌋ vertex guards are
sufficient to watch the interior of an orthogonal polygon
with holes.
Consider orthv(n, .) as the maximum of orthv(n, h)
over all h. Hoffmann conjectured that orthv(n, .) ≤
⌊ 2n7 ⌋, disproving the earlier conjecture of Aggarwal [3]
that orthv(n, .) ≤ ⌊ 3n11 ⌋. In 2013, Michael and Pin-
ciu [31] improved this bound and showed that an orthog-
onal gallery with n vertices and an unspecified number
of holes can be guarded by at most 17n−852 vertex guards
(17 / 52 = 0.3269).
In 1998, Abello et al. [1] provided a first tight bound of
⌊ 3n+4(h−1))8 ⌋ for the number of orthogonal guards placed
at the vertices of an orthogonal polygon with n vertices
and h holes which are sufficient for the cover the poly-
gon and described a simple linear-time algorithm to find
the guard placement for an orthogonal polygon (with or
without holes).
In 2016, Rezende et al. [17] showed the chronology of
developments, and compared various current algorithms
aiming at providing efficient implementations to obtain
optimal, or near-optimal, solutions.
A.5 Families of Convex Sets (Triangles and Quadri-
laterals) on the Plane Results
In 1977, Toth [40] considered the following problem:
Given a set F of n disjoint compact convex sets in a
plane, how many guards are sufficient to cover every
point in the boundary of each set in F . Toth proved
that max{2n, 4n− 7} point guards are always sufficient
to cover n disjoint compact convex sets in a plane. Ev-
erett and Toussaint [19] proved that the families of n
disjoint squares n > 4, can always be guarded with n
point guards. For families of disjoint isothetic rectangles
(rectangles are isothetic if all their sides are parallel to
the coordinate axes.), Czyzowicz et al. [14] proved that
⌊ 4n+43 ⌋ point guards suffice and conjectured that n+ c
point guards would suffice, c is a constant. If the rect-
angles have equal width, then n+1 point guards suffice,
and n − 1 point guards are occasionally necessary. Re-
fer [30] for more details.
In 1994, Blanco et al. [8] considered the problem of
guarding the region of the plane, excluding the inte-
rior of the quadrilaterals (free space). Given n pairwise
disjoint quadrilaterals in the plane whose convex hull
has no cut-off quadrilaterals, they showed that 2n ver-
tex guards are always sufficient to cover the free space
and all locations could be found on O(n2) time. If the
quadrilaterals are isothetic rectangles, all locations can
be placed in O(n) time.
Urrutia [41] showed that any family of n disjoint rect-
angles can be guarded with at most n+1 point guards.
A big rectangle encloses the elements of F , and con-
sider this as an orthogonal polygon with holes. The
total number of vertices is now 4n + 4. Using the re-
sults from guarding orthogonal polygon with holes, this
can be guarded with n+ 1 guards.
Garcia-Lopez [16] proved that ⌊ 5m9 ⌋ vertex lights are
always sufficient and ⌊m2 ⌋ vertex guards are occasionally
necessary to guard the free space generated by a family
of disjoint polygons with m vertices. To cover the free
space generated by any family of n disjoint quadrilat-
erals, he proved that 2n vertex lights are always suffi-
cient and occasionally necessary and that ⌊ 5n+33 ⌋ point
guards are always sufficient. He conjectured that n+ c
point lights can always cover the free space generated
by m disjoint quadrilaterals, c is a constant which was
proved false by Czyzowicz and Urrutia [27].
Czyzowicz et al. [15] proposed the following problem:
Given a set F of n disjoint compact convex sets in a
plane, how many guards are sufficient to protect each
set in F . A set F is protected by a guard g if at least one
point in the boundary of F is visible from g. They prove
that ⌊ 2(n−2)3 ⌋ point guards are always sufficient and oc-
casionally necessary to protect any family of n disjoint
convex sets, n > 2. To protect any family of n isothetic
rectangles, ⌈n2 ⌉ point guards are always sufficient, and
⌊n2 ⌋ point guards are sometimes necessary.
Czyzowicz et al. [14] showed that any family of n dis-
joint triangles can be guarded with at most ⌊ 4n+43 ⌋ point
guards are sufficient and n − 1 are occasionally neces-
sary to guards. They also showed that n + 1 guards
are always sufficient and n − 1 guards are occasionally
necessary to illuminate any family of n homothetic tri-
angles and conjectured that there is a constant c such
that n + c point guards sufficient to guard any collec-
tion of n triangles. Later, Toth [39] showed that ⌊ 5n+24 ⌋
guards can monitor the boundaries and the free space
of n disjoint triangles.
A.6 Polyhedral Terrain Results
A polyhedral terrain is a polyhedral surface in three
dimensions such that its intersection with any vertical
line is either empty or a point. A polyhedral terrain is
triangulated if each of its faces is a triangle. Notice that
a polyhedral terrain has a different structure than a city
with vertical buildings. The results related to guarding
polyhedral terrain focus on edge and face guards [20,
13, 5, 10, 26, 25].
A.7 Polyhedron Results
A polyhedron in R3 is a compact set bounded by a
piece-wise linear manifold. For guarding an orthogonal
polyhedral, points guards are less effective. There exist
polyhedra with n vertices where guards placed at ev-
ery vertex do not cover the whole interior and O(n3/2)
non-vertex guards are required for interior coverage [34].
Thus, results related to guarding R3 polyhedrons focus
on edge and face guards [41, 11, 36, 42, 6, 43].
A.8 City Guarding Results
In 2008, Bao et al. [4] proposed the city guarding prob-
lem where one is given a rectangular city with k vertical
buildings, each having a rectangular base. The guards
are to be placed only at the top vertices of the buildings.
They showed that ⌊ 2(k−1)3 ⌋+1 vertex guards are some-
times necessary and always sufficient to guard the roofs
(Roof Guarding Problem), k+⌊k4 ⌋+1 vertex guards are
always sufficient to cover the ground and the walls, and
k + ⌊k2 ⌋+ 1 vertex guards are always sufficient to cover
the city aerial space, which means all roofs and walls of
the buildings, and the ground.
B Proof of Theorem 2
Proof. The sufficiency bound is trivial. For the neces-
sary part, consider a set S = {B1, B2, B3, . . . , Bk} of k
buildings, shown in Figure 7a, with the following setup:
1. the height hBi of building Bi is greater than the
height hBj of building Bj, ∀ i, j such that 1 ≤ i <
j ≤ k, and
2. ∀ i < j − 1, building Bj−1 totally blocks the visi-
bility between Bi and Bj .
B1
B2
B3
B4
Bk
(a) City Setup
(i)
(ii)
Bi
Bi+1
Bi
Bi+1
(b) Possible guards position
Figure 7: k guards are needed to guard the roofs.
We need to place the first guard on building B1 to
guard its roof, because hB1 > hBi , ∀i > 1. There are
four possible positions to place a vertex guard on build-
ing B1. Let the guard be placed on one of the right ver-
tices (placing the guard on one of the left vertices results
in symmetric cases). Consider the two relevant orien-
tations of the guard, shown in Figure 7b, out of three
possible positions that can see the roof of B1, where the
arrow corresponds to the direction in which the guard
is guarding the roof. Notice that a guard facing West is
placed at the lower vertex of B1 rather than at the top
vertex. Due to the limited visibility of the guard, there
is no vertex on building B1 from where roofs of both
building B1 and B2 are completely visible. Therefore,
the next guard should either be placed on building B2
or on B1, such that the roof of building B2 is completely
visible after placing this guard. If we place the second
guard on B1, then the next guard must be placed on
building B3 because no point on the roof of building B3
is visible by the previously placed guards. Thus, we can
place the next guard on building B2. The rest follows
by induction on the number of buildings, as we are left
with a similar problem on k − 1 buildings. 
C Necessity Proof of Theorem 8
Necessity: For the necessity part, consider the input
in Figure 8, with the following properties:
1. Bi lies within the span of Bj , ∀j < i.
2. None of the edges of Bi is partially or completely
visible from any vertex of Bj , ∀ j < i−1 and from
any vertex of Bm, ∀ m > i+ 1.
3. From each potential position of a vertex guard on
Bi, the guard is able to see at most one edge of
Bi+1.
4. There is no guard position on Bi from where an
edge of Bi−1 and an edge of Bi are visible.
B1
B2
B3
B4
Figure 8: City Structure where 3k + 1 guards are nec-
essary to guard the polygon
Consider the space ℘i between two consecutive holes
Bi and Bi+1, as shown in Figure 9. Because of property
2, ℘i is not visible to any guard placed on building Bj
where j ∈ [1, i)∪(i+1, k]. Therefore, ℘i is only visible to
the guards either placed on Bi or Bi+1. It is easy to no-
tice that there are twelve possible guard positions on Bi
and Bi+1 from where ℘i is visible (partially from each
position, see Figure 9), and these guards cover three
walls, one wall of Bi and two walls of Bi+1. Note that
these guards do not cover any other wall (partially or
entirely), and the mentioned three walls are not visible
(partially or entirely) to any other potential guard. Out
of twelve possible guard positions, the minimum num-
ber of guards required to guard ℘i is two (either both
placed on Bi or one placed on Bi and another on Bi+1.
Therefore the space between any two consecutive holes
is only guarded by the guards placed on these holes, and
the minimum number of guards required to guard such
space is two.
Consider the left wall, wiL of hole Bi. Because of
the structure of the city, wiL is not visible to any guard
placed on Bj for j 6= i. Hence, w
i
L can only be guarded
by a guard placed on Bi, and there are four possible
guard positions from where wiL is visible(see Figure 9).
However, none of these guards positions cover any other
wall in the city. Therefore, we need one guard to cover
the left wall of each hole.
Bi
Bi+1
Figure 9: ℘ is shaded in green. Potential guard posi-
tions to cover ℘ are shown in red and potential guard
positions to cover the wiL is shown in orange.
There are k−1 spaces ℘i in total, between consecutive
buildings (i = 1, 2, . . . , k−1). Thus, 2(k−1) guards are
needed to guard their union. As argued, each left edge
of a hole needs an additional guard, resulting in 3k − 2
guards. The top and right edges of B1 and the bottom
edge of Bk are not guarded, so in total, at least 3k + 1
guards are needed.
A 3k + 1 guard placement, for k = 4, is shown in
Figure 8 and is obtained as follows. We start placing
guards on B1. Three of its walls (left, top and right) are
not visible by any potential guard placed on Bi , ∀i > 1
(property 1). We place three guards to cover these walls.
Consider the space ℘1 between B1 and B2. We need two
guards to cover ℘1; let one of these guards be placed on
B1 and the other on B2 (see Figure 8). After placing
these two guards, all walls of B1 are visible, and two
walls of B2 (top and right) are visible. We need an
additional guard to cover the left wall of B2, and this
guard does not cover any other wall in the city. Consider
now the space ℘2 between the hole B2 and B3 and place
two guards to cover ℘2; let one of these guards be placed
on B2 and the other on B3. After placing these two
guards, all walls of B1 and B2 are guarded, and two
walls of B3 are guarded. We placed four guards on
B1 and three guards on B2. We continue this process,
and three guards are required to guard each building
Bi ∀i > 2. This results in 3k + 1 guards as we place
three guards on each building Bi , ∀i ∈ (1, k], and four
guards on B1. Guard locations and directions are shown
in Figure 8.
